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Abstract. Wave transport in finite systems connected through multiple channels
is strongly influenced by inter channel correlations. Such correlations are induced
by scattering and restrictions in the complex medium in which the waves propa-
gate. Examples can be found in electron conduction in mesoscopic systems with
multiple leads and in electromagnetic wave transfer in multi-antenna wireless com-
munication. The influence of the correlations on the overall wave transport can be
uncovered by analyzing the eigenvalue distributions of the transfer matrix between
the ingoing and outgoing channels. A model system is studied experimentally in the
microwave region where the correlation between sets of transmitting and receiving
antennas are induced by connecting complex cavities through a limited number of
leads. The eigenvalue distribution of this correlated multi channel system is de-
scribed using random matrix theory.
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1 Introduction

Wave transport in a strongly scattering environment occurs in many sys-
tems. Examples are found in classical wave transport of light, electromagnetic
waves, sound and elastic waves[1]. Also in quantum mechanical problems
such as electronic transport in small devices multiple scattering is frequently
encountered. In the past decades the effects of multiple scattering on wave
transport has been studied intensely both experimentally and theoretically.
E.g. scattering theory developed for quantum field problems has been suc-
cessfully transferred to solve problems in classical and quantum mechanical
wave scattering and lead to understanding of wave scattering related phe-
nomena such as weak and strong localization.

In recent developments of wireless communication in strongly scattering
indoor (e.g. office spaces) and outdoor (e.g. cities) environments the scat-
tering is exploited to improve the transfer[2]. The advantage of multiple
antennas on transmit and receive side relies on scattering induced by the
environment. The theoretical framework to analyze the wave transfer in
strongly scattering and noisy systems has been developed in the past decade
as an important topic in information theoretical studies[3] starting with the
work of Shannon in 1948[4].
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The details of the underlying mechanisms of scattering on transport in
wireless communication or of the Hamiltonian of a (quantum) mechanical
system are not required to model a system. A powerful approach is pro-
vided by random matrix theory (RMT][5]). The random matrix approach
was started by Wigner[6] to describe distributions of quantum mechanical
eigenvalues of complex systems and found early applications in the field of
mathematical statistics by Wishart[7]. In the information theory of wireless
communication RMT has been applied with success to a variety of multi-
channel situations without and with correlations between channels[8]. The
elements in the transfer matrix H describing the phase and amplitude at the
receiving antennas due to a signal at the transmitting antennas can be mod-
elled by statistically defined distributions[9]. The eigenvalues of HHT, with
H?' the Hermitian adjoint of H, are an essential ingredient in estimating the
transfer capacity of a multi channel connection. For example for random ma-
trices with independent and identically distributed elements Marcenko and
Pastur[10] derived general analytical expression for the eigenvalue distribu-
tions applicable to transmissions between rectangular antenna arrays. Once
the properties of the eigenvalue distributions are known, an estimate of the
transfer capacity and the fluctuations can be made. Finding the eigenval-
ues \? of HH' is equivalent to finding the singular values \; of H, which
is sometimes more convenient. The generalized Shannon expression for the
transfer capacity is[9]: Cshannon = — logdet[I +nHHT], with 7 the signal to
noise ratio in the system, I the unit matrix and depends intricately on the
eigenvalue distribution.

Correlation between channels decreases the transfer capacity considerably.
The effect of correlation induced by constrictions in space between transmit-
ter and receiver in the form of keyholes or waveguides has been the topic of
mostly theoretical [11-13] and some experimental studies[14,15]. Such con-
strictions are found typically in transfer between floors in buildings and urban
environments.

In this article a controllable model system with classical waves in two
coupled complex and dissipative closed cavities will be used to study the
influence of correlations between channels on wave transport. The experi-
ments described in Sections 2 and 2.2 enable a systematic variation of the
induced correlation and the influence on resonances in the wave transport.
The results are analyzed with a random matrix approach in Section 3.

2 Wave Transfer in Sparsely Coupled Systems

2.1 Experiments

The microwave experiment in the 0.5-2 GHz band (i.e. 30-15 cm wavelength)
uses two almost chaotic cavities (see Figure 1). Within each of the cavities the
reflections from the walls and from the enclosed antennas causes an almost
chaotic transport of the waves from multiple antennas to a limited number
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antennas connected to outgoing channels. These outgoing channels are then
launched into the second cavity and propagate to the receiving antennas.
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Fig. 1. Layout of a multi-channel microwave experiment with microwaves in the
0.5-2 GHz band. N transmitting antennas in a closed cavity are sending the signal
through C connecting cables to a second closed cavity with M receiving antennas.

The receiver and transmitter antennas are 2.4 GHz omni-directional an-
tennas on a swivel mount used in e.g. computer WiFi connections and are
fitted into the lids of two 200 liter steel oil drums. Some of the antennas
at the transmitter side are connected by coax cables directly to antennas at
the receiver side. The overall quality factor of the drum cavity is @ = 300.
The transfer as function of frequency between the M transmitting and N re-
ceiving antennas is determined by measuring the S-parameters So1, S11, S12,
and Syo with an Agilent 4396B network analyzer in the 0.5GHz - 1.8GHz
range. The S-parameters between two ports are defined by the ratio of the
voltage of the reflected and the transmitted wave with respect to the voltage
of the incoming wave in a 502 terminated system. E.g. So; characterizes
the transmitted and Si; the reflected wave for a signal injected into port
1 and received at port 2. In a dissipative system 1 — |[S1|? + |S11]? gives
the dissipation and in a reciprocal system So; = S12. A homemade coaxial
multiplexing switch selects all possible transmit-receive combinations to ob-
tain the multi-channel scattering matrix S;; with¢=1,..., N and j =1,, M
and gives the full M x N complex transfer matrix H of the system as func-
tion of frequency. The connecting paths for the different switch selections
are identical and all unused antennas are terminated by a 502 impedance.
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Calibration of the S-parameter measurement is performed by fitting the 12
parameter correction model[16]. In the reference measurements the antenna
connections are terminated with a short, an open, a 502 load, and a direct
through connection (SOLT calibration model). The calibration procedure
eliminates the influence of the leads and switch contacts and gives the true
multiport S-parameters between the antennas. Averaging over configurations
is achieved by the rotation of a copper plate inside the oil drum (’'mode mixer’
see figure 1). The set up is under computer control to enable signal averaging
over configurations and perform multiplexing of a bi-directional measurement
of an antenna array with a maximum of 8 transmitters and 8 receivers.

2.2 Experimental results

Figure 2 shows the typical observed variations in the matrix elements for the
uncorrected S-parameters in a 3 transmitter x 3 receiver configuration with
2 connecting cables between the drums.
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Fig. 2. The different curves combine all the uncorrected S2; measurements with a
N =3, C =2, and M = 3 configuration for 21 different positions of the 'mode
mixer’ in 50MHz band around 1.7GHz.

After correction the data is used to extract the statistics of the elements in
H(w) and are shown in Figure 3. The distribution shows a uniform coverage
in phase, i.e. < H(w) >= 0. The distribution of the amplitude is not



Multi Channel Wave Transfer in Sparsely Connected Systems 5

Gaussian but is characteristic for the fading behavior in frequency for a set
of well separated narrow resonances with resonance frequencies distributed
over the frequency interval and with varying strengths and widths as shown
in Fig. 2).
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Fig. 3. Distribution of amplitude and phase angle of the corrected transmission
parameter S21 between the different transmit and receive antennas with C = 1.

The distribution of the singular values of H(w) are given in Figure 4 for
different number of connecting cables (C' = 1,2, and 3). The distribution for
C = 1 show a strong peak at 0 and a suppressed probability close to zero.
The distributions with C' > 1 look very similar. The distributions show a
distinct structure that can be associated with the direct line of sight contact
between antennas.

3 Modelling the Results with Random Matrices

3.1 Random matrix model for coupled systems

The transfer matrix H between the antennas in drum 1 to the receiving
antennas in drum 2 will be modelled by a product of random matrices:

H=TCX. (1)

Here matrix 7' is a N x C dimensioned and matrix X a C'x M dimensioned
random matrix with identical (independent) distributed elements. The de-
terministic matrix 7" represents the transfer between the M antennas on the
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Fig. 4. Singular value distributions of H(w) with N = M = 3 receiving and trans-
mitting antennas and C' = 1,2, 3 interconnections averaged over all 'mode mixer’
positions and frequencies.

transmitter to the C' antennas connected to the cables between the transmit-
ter and receiver side. Likewise X represents the connection from the C' cables
to the M receiving antennas. The connection matrix C' is a diagonal C' x C
matrix representing the transfer through the C' connecting cables between
the transmitter and the receiver side.

3.2 Independent transmit and receive channels

The simplest approach is to assume that the random elements in T and
X are independent identical complex distributions with random phase and
equal amplitude (Gaussian distribution). Simulation results for the matrix
elements of H and the eigenvalue distribution of HHT are shown in Figure 5
for 5000 realizations and increasing number of links. When the rank(C) >
max[rank(M, N)] the distributions quickly converge to the same behavior for
the elements of H and for the eigenvalue distribution.

Miiller[17] derived the asymptotic eigenvalue distribution for products of
random matrices in the limit of very large matrix sizes as a generalization
of the Marcenko-Pastur result[10]. The current examples are not in that
limiting regime yet. However, the convergence to the asymptotic limit is
in general approached fast for very small systems already[8]. Including the
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Fig. 5. Random matrix simulation of the eigenvalue distribution of HH' and matrix
elements for the random transfer matrix H with M = 3 transmitters and N = 3
receivers connected through C' restricting links. The elements of 7" and X are
independently identically distributed complex numbers with random phase and
unit amplitude. Coupling matrix C is the unit matrix for C =1 to 6 from top to
bottom.

fading behavior as function of frequency indicated by Fig. 2 and Fig. 3 does
not influence the asymptotic behavior for uncorrelated matrix elements.

3.3 Correlations on the transmit and receive side

In the experiment there are different causes for correlations between channels.
The connecting cables restrict the transfer to a finite number of channels
and cause correlation as shown in the previous paragraph. In addition, the
antennas on the receiver and transmitter side are placed close enough to be
correlated due to the finite extent of coherent regions in the wave pattern
inside the drum. Analysis of the signals from the transmitters on one side
to the connecting antennas in the same drum show indeed correlation inside
each of the drums. Using the statistics of the transfer within the drums in
combination with the effects of the extra links will not be pursued in detail
here. Given the limited number of configurations included in the estimates
of the distributions, it is difficult to sample enough configurations to be able
to use the random matrix approach.
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4 Conclusions

The random matrix theory is not describing the observed distribution in
detail. Improvement can be obtained by averaging over more antenna con-
figurations and choosing a geometry where near field and direct coupling is
suppressed.
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