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Abstract: This paper explores the properties of a precessing rotor or a
coupled system of precessing rotors (gyroscopes), where a special chaotic behavior in
the precession angle can be found if the change of rotor angular velocity is linearly
coupled by holonomy to the precession angular velocity and angle. The linear
coupling provides for rolling cone paths and allows spinning up and controlling the
rotor simply by forcing precession at special quantum magic precession angles below
the bifurcation angle. As an alternative to the SO(3) matrix or quaternion
representation the treatment of the three coupled rotations is here based on Euler’s
equations. First, the classical Magic Angle Precession (MAP) dynamics is realized by
a geometric or mechanical condition (type I), where it can be experimentally
demonstrated how MAP “slaves” 2 angular degrees of freedom allowing the external
control of high-frequent spin by slow oscillations. Second, the quantum-gravitational
MAP (type II) with discrete precession angles subject to curvature/relativistic effects
is examined and simulated. Third, a macroscopic network of MAP elements is
presented as a feedback neural network synchronizing to one common MAP dynamics
under special pairing and symmetry conditions (type III). In all three cases MAP can
be treated as a time-discrete chaotic system known as the cosine map. The geometric
phase induced by the curved path of the rotor or external curvature increases with
precession angle. This leads to bifurcations in coupling strength resulting in chaotic
precession which could destabilize synchronized type III networks. Introducing phase
fluctuations in spin and precession simulating thermal distortions, MAP shows
characteristic smearing and washing of bifurcations. MAP can be found in a well
known commercial fitness device. Several very interesting applications possibly
relevant to quantum-electrodynamics, nuclear physics, and cosmology, or even new
propulsion concepts are discussed and numerically tested.
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Introduction

Rotated spin systems like gyroscopes, precessing stars, rotating solids,
superconductors, electromagnetic particles, or others are very interesting
from many different points of view. Adding a few extra coupling or damping
terms, which is typical for a real system, can lead to chaotic precession (like a
dissipation induced instability or bifurcation [1]), where it is rather expensive
to actively control chaotic motion to obtain the sufficient stability conditions
at the equilibrium points even in a relatively simple gyroscope [2]. Regarding
this challenge and the broad spectrum of possible physical applications we
focus on special conditions supporting fast auto-tuning and self-stabilization
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capabilities. In [3], [4], and [5] we have
already identified a rather basic chaotic
dynamics mechanism given by the cosine
map, where the precession angle of
rotated rotors can iterate towards an
optimum. This situation arises if the
precession angle induced by an external
or internal coupling (holonomy) becomes
linearly related to the spin frequency shift
of precession. Recently we were able to
show [5] that the basic mechanism can be
illustrated and experimented with well
known commercial gyroscopes useful as
a hand fitness device in physical therapy .
[6], first called “Dynabee” and today sold Figure 1. The rotor .(blue), Euler

as “Powerball” or “Gyrotwister”. There angles, and precession cones.

is almost no published literature [7] and

especially about its chaotic precession properties, although one can feel it in
the hand.

Applying first principles using Osgood’s formalism and Euler’s
equations [8], it will be shown in this paper that this kind of chaotic spin
precession is a rather natural dynamics that could be relevant on all scales.
We call the chaotic dynamics “Magic Angle Precession” (MAP) [4],[5] and
discuss in this paper three typical situations (MAP types):

I. the classical MAP dynamics realized by mechanical connections,
II. the quantum-gravitational MAP,
III. the macroscopic network of MAP elements acting as a feedback neural
network synchronized to one common MAP dynamics under special
pairing and symmetry conditions.

1. The Classical Gyro MAP Dynamics (Type I)

1.1. Osgood’s description

As an alternative to the SO(3) matrix [4] or quaternion representation, the
treatment of the three coupled rotations is here based on Euler’s equations
[8], [9]. The general dynamics can be described by applying 3 rotations to the
blue points, see Fig.1. The three Euler angles are:

@ : first Euler angle describing the precession tilt angle,

¢ . second Euler angle describing the spin of the rotor axis,

y . third Euler angle describing the precession of the axis.

Osgood uses the concept of the “bending” «, a curvature term, and writes on
page 229 in [9]: ”... many popular explanations — claiming correctly to be
‘non-mathematical’, but incorrectly to be accurate in their dynamics — fail
because they are unaware of x.” The bending is based on the metric invariant
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ds* =d6 +dy’sin’ 0 , v=ds/di , with (1)
ie=—9" 107 cot, 9=97, )
Ji-6" ds

where the bending is the rate at which the tangent plane to the cone locus of
the gyroscope axis turns. The bending is related to the space curvature K on
the curve described on the unit sphere by P with [9]
K*=x"+1. 3)

This is interesting since curvature (as a concept of General Relativity)
provides for a connection to geometric phases and angles (Hannay angles or
Berry phases) which is necessary to approach and understand MAP. This
natural behavior can be approached with Euler’s equations which relate the
conserved angular velocity component @, to the rotor frequency
®, =d@/dt, the precession frequency of the rotor axis @, =dy /dt, and to
the precession angle 8 [9]

o, =0, c080+0,, 0,=0,-0, @)

In this paper we will model an external coupling leading to a conic
precession with frequency shift @, . Our special treatment will involve a
geometric phase evolution @, shielding the coupling and reducing
precession @, with coupling parameter defined by

10) @, — 0y 1 o
o= A _ ¥V o e ) . (5)
@, @, M @,

Background: the characteristics of the corresponding gauge fields are related
to energy splitting, where the frequency shift may be observable in real and
suitable classical systems [10]. The phase holonomy on the spherical surface
is subject to concepts in differential-geometry and topology.

1.2. Rolling cones or curves of constant precession

Euler’s equations [9] or quaternion
representation [11] are intimately
related to the SO(3) matrix
representation of the Lorentz
rotation group [1]. Under SO(3)
rolling cone paths (see e.g.
[31,[41,[11]) can describe
precession while providing for
special  periodicity  conditions
related to the geometry and
dynamics in eq.(5). In this case we
get curves of constant precession

Figure 2. Modulated surface T, +7| rolling

on surface T, , reveiling the (an)holonomy

L+1
according to eq.(8), see [4].
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(Darboux) in the Frenet description from the periodicity condition in the
SO(3) rotation matrix representation in [4] expressed by numbers
characterizing the cone rotation cos(2zN cos8) =cos[27z(N — j)]=1 related to
the cone geometry with N e€[1,2,...]> je€[%,,%,...].j is very important, it
is the number characterizing the geometric phase, which can be generated
either by an external conic motion of the gyroscope or by an intrinsic
curvature. With eq.(5)

Dy N -J R

—A=cos@d=—,0< <N, 6

o, N / ©
and rotor frequency always higher than the precession frequency
o, > o, > 0, > o, > o;, the frequencies can be related by M >1

@ _ @y % _ o % (7)

MN NM-)+j N N-j j'

where @, is the evolution of the geometric phase counted by .

1.3. Hannay-Berry geometric phase 1= jIN

We can calculate the geometric phase
component and relate it with j or @, to g
the precession dynamics. Geometric ’
phases naturally arise is in the ,
dynamics of coupled rigid bodies [11],
[1] or in curved space-time. We will
introduce € as a geometric phase or \
the holonomy of the U(1) bundle along \
the curve, where the ‘parallel .
transported’ spin vector (rotor axis)
will come back after every loop or
cyclic e.VOIution. With an extra rotation Figure 3. The roles of a, /=27, and N.
proportional to j in eq.(6) and equal to

the curvature enclosed by the path [11]. On the unit sphere with unit Gauss
curvature this extra rotation is given by the spherical area the precession axis
sweeps and given by a curve integral over a period T providing for the
difference between the total and dynamic phase

2Ta)§=47z(l—cos6’)=4§=ﬂ, r-2%. (8)
N o,
The connection between Berry’s phase and Dirac’s monopole solution is well
known, where the rotated rotor generates at the center a magnetic monopole
if the blue point in Fig.(1) is a charge [9]. The monopoles can be interpreted
as the missing rotations due to (an)holonomy. Since SU(2) is the spin double

cover of the group SO(3), our treatment is also relevant to relativistic



Magic Angle Chaotic Precession 5

quantum systems [13] like the spin-orbit Eigenstates of a relativistic electron,
where J is the spin and M the monopole charge quantum number [3], [4].

1.4. Powerball example

Based on this analysis it was recently proposed [5] that condition (6) is
present in the “Powerball” system [6], [7]. The function of this device is
based on a mechanical gear-type coupling between precession and spin
frequency or phase: if the spin axis rolls in the bearing (on the rim of the
groove by friction), spin and precession become linearly coupled. The axis
diameter at the end of the rotor shaft (#28 in [6]) is about 2 mm, the diameter
of the groove (#24) or bearing ring element (#30) is about 60 mm. The
geometric parameter characterizing the coupling is here the number N ~ 30 =
60mm/2mm that counts how often the spin axis has to roll and to turn around
in the circular bearing to turn its axis by 360° with precession angle 8 =7/2,
see Fig.1. But this number can be affected by a conic precession apex angle
induced by an external wobbling of the hand (inducing a geometric phase),
where the external conic hand motion with apex €, reduces the number N of
rotor rotations during one precession period by j according to eq.(6). The
MAP angle is given by & = arcos[(N — j)/ N], see Fig 3, a Powerball with N
~30andj=1 has € ~15°, which can be experimentally verified.

2. Quantum-Gravitational Gyro MAP Dynamics (Type II)
2.1. MAP condition and iterative chaotic solution

To appraoch the nature of the
effective coupling parameter in
eq.(5), we will introduce a quantum
precession condtion with quantum
number M. The corresponding
Hamiltonian or dynamical part of the
phase evolution can now affect
holonomy by an internal or external
acceleration, which could also be a
(general) relativistic effect. Changing Figure 4. M = 9 angular precession units

the phase boundary condition and (monopoles) sharing the angular range.
holonomy can found with the

number of rotations per precession period. With eqs.(7) and (8) the rotor
phase ¢ shows a geometric phase advance per precession period counted by
a maximum number of M extra rotations (monopoles)

25=Tw, =27M . ®

Let now a part of these extra loops control the holonomy. According to eq.(5)
the phase evolution can be divided into the geometric and dynamic part,
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Curvature/
Acceleration

<—m

Precession/

1 6 N-j

Energy

o0=—-——"= , (10)
M M NM

where the total evolution is inversely
propertional to M. So the M extra
rotor rotations in eq.(9) are
distributed over the dynamic range,
cutting the anholonomic cake into M
regular units generated by precession
dynamics, see Fig. 4. As a special MAP quantum condition, all angular
segments become equal to the precession angle. Introducing a period-
averaged notation as a time-discrete precession, they are generated by the
geometric phase. Those j<M that are excited non-linearly control precession

T
) = ji(d-j/N), 11
MJ,( Ji./N) (11)

t+1
generating a mixture of dynamic and geometric momentum currents leading
to precession and altering the holonomy recursively, see Fig.5, [3], [4]. With
_

0., 0
, 12
N (12)

=12l el
the extra loops in (11) become the fixed points j=1-Ma of a logistic map,

IR

Geometric
Phase/Holonomy

Figure 5. MAP recursive chaotic relation.

=7rje,

xt+1 o Ht(xr) ’ xz+1 :1 T T

whereas 6, with running N follows with (8)-(11) a cosine chaotic map
0, =xcos, (13) r o
showing bifurcations (see Fig.6). With \;;‘7'«,’ ‘\Xi: /f bk
eqs. (6) and (11) the MAP chaotic 9 .
dynamics emerge if the precession E\\ /\
angle 6 is linearly related to N /* i‘ 4 >
frequency offset v | ALY
~ : € L
ro=t0, 2% 10 L (12 ! YN
7 « : 4

The chaotic dynamics generally starts "M2J J/f‘

near 2j/M~0.83 [4], for the powerball
with M~12 near j=JZ~5 or 33.5°, see
Fig.6. Relations to the moments of
inertia in classical situations follow from Osgood’s equations [8], [9].

2.2. MAP type I and II and Tschebyscheff polynomials of the first kind

Figure 6. MAP bifurcation diagram [3],[4].
Smearing effects due to phase fluctuations.

According to eq.(8) we have a periodicity in @ with condition
x:cos(é):cos(né), 2nj=N . (15)

With x=0/7=1-0/7 we get a finite order Tschebyscheff polynomial
solution T (x) representing the MAP condition eqs.(9)-(14)

(16)

d’T,
Tn(x):cos[narccos(x)], d~” +n'T =0,

0’ !
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and relates the first polynomial 7;(x) and conic linear tilt/precession term as
an amplitude/phase condition to a higher polynomial, see Fig.4,

L) =T(x)=x, T,,(x)=2xT,(x)=T,,(x) . (17)

The polynomial provides for a 2:1 mapping, since we have a one-dimensional
polynomial as a function of the precession angle
Floor(n/2) n . i n (21 l)ﬂ'
T (x)= "2 (x*=1) =2"" X —Cos , (18
=8 [ -2 Tla-eo] O3 0w
and the 2-dimensional precession tangent wave if we plot 7, in circular
coordinates y,z, see Fig.2, where the pattern is given by
n

2Jy"- (COF (19)

With phase proportional to frequency at a given time period, the Chebyshev
relations above provide for a frequency filter connecting the rotor phase and
tangential precession wave amplitude (MAP type I), the relation to the first
order precession term in eq.(17) introduces chaotic behavior (MAP type II).

3. MAP Spin-Network based on MAP elements (Type I1I)

- - Floor(n/2)
T(y:cose,z:sinﬁ): Z [

n
i=0

If we connect some MAP elements by matrix coefficients @, , where the
resulting next stage precession angle is the sum of all weighted components,
MAP is a recurrent neural network solution

j,+1 ﬂcos[z U”J (20)

i=0,i#j

where the sin/cosine transfer function is obviously exotic according to [12]. If
we define a global mean current or MAP angle by the weighted sum

M-1
O Z 00,01= 2 00, %00, . 1)
we get a global MAP oonditio/n o
O~ 0,0, ., = Z @, cos( a)jjé?j’,), (22)
j=0,j#i
or 0., —ﬁZa) cos( » a),ﬂ,t). (23)

With a simple homogeneous interaction model

o, =N", (24)
analytical solutions for a common synchronization can be obtained, where
the global mean system behaves like a single MAP element

zsr+1 ZCOS( st T Wy ;t) ][VMCOS(His,r)ﬂ (25)

with global couphng M times stronger than the coupling of one single
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element. This requires some symmetry conditions in precession dynamics
like mirror spin/precession magic angle pairs (see above) with symmetric
distribution of local MAP angles around the global mean MAP angle 6, , e.g.
if w,=j/N.

4. Conclusions

Starting with Euler’s equations it was found that a time-discrete chaotic
system given by the cosine map can model a special recursive spin-spin
coupling situation, where the precession angle of a rotating rotor is linearly
related to the spinning phase/frequency offset induced by precession. The
frequency or energy shift (precession forces) couple back to the internal or
external acceleration (equivalent to a curvature) affecting holonomy and the
extra loops j of the rotor by precession, see Fig.5. If we allow for this
feedback, the systems can auto-tune to an external precession excitation
preferring MAP. This can be verified in experiments and simulations. The
MAP dynamics carries the symmetry of the Lorentz group SO(3), during
synchronization degrees of freedom get frozen to SO(2), U(1). MAP type
II/TIT is expected to occur at quantum/atomic scales [3],[4]. With synergetic
effects by a neural-type recursive network based on coupled MAP elements
we expect strong spin-network synchronization signals with relevance on all
scales, especially if holonomy can affect the rotation of rotors.
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